


Ensembles
Free Energies
Phase Transitions

Monte Carlo: Chapter 5
Molecular Dynamics: Chapter 6
Free Energies: Chapter 7



Lecture 1

Classical and Statistical Thermodynamics

Problem: we have a set of coordinates and
velocities -what to do with it?

e Statistical Thermodynamics

e The probability to find a particular
configuration

e Properties are expressed in term of averages

e Free energies

e Thermodynamics: relation of the free
energies to thermodynamic properties



Lecture 1&2

Monte Carlo

What is the correct probability?
Statistical Thermodynamics

Generate a set of config’ .. ations with the
correct probability

Compute the thermodynamic and transport
proL ~rties as averages over all configurations

(o}
How to compute these o MC
properties from a simulation? o o o °
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Lecture 1&3

Molecular Dynamics

MD

Theory: J_g
d°r v

S I
rn

Compute the forces on the particles
Solve the equations of motion

Sample after some timesteps



Different Ensembles

Ensemble | Name Constant Fluctuating
(Imposed) (Measured)

NVT Canonical N,V,T P

NPT Isobaric-isothermal N,P, T \Y

uVT Grand-canonical w,V,T N




NVT

Liquids
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... 1f force 1s difficult to calculate ...
e.g. carbon force field

TABLE L. Parameters of the LCBOPIL The units of energy and length are eV and A, respectively.

Switch q Gmin Gmax P Switch q Gmin Gmax P Switch q Gmin  Gmax P
Sioon ri 1.7 2.2 3.0 s rij 1.7 22 20 S iy 17 22 <30
e rij 55 6.0 0 Sy Ny 2.0 3.0 0 Slwn N, 30 40 0O
i x& 0.0 1.0 0 5% Yij 0.34 0.93 0 S y; 030 093 0
Short-range potential V**
Ve A7=53026.92614 a=6.74750993
Va By=27618.35706 B,=6.34503890 BY=34.07142502 pB,=1.19712839
G 8min=0.0020588719 g,,=0.0831047003 g, =16.0
210=0.7233666272 g, ,=1.7334665088 g;,=1.8701997632
220=0.73994527795 g, ,=-1.999211817 g,,=-17.43251545
2,3=—33.96127110 g, ,=—44.65392079
210=—15.19 g5 ,=-25.6168552398 g;,=-21.51728397
213=0.9809080993 g, ,=13.66416160
A,,=-04 B, =0.01875
A,=5.6304664723 B,=0.1516943990 C,=0.009832975891
D,=-0.189175977654 E,=0.050977653631
H d=0.14 C,=3.335 (C,=220.0 For C. L. x. Ry and R, see text.
g™ Fid’ iy
0.0000 00207 -00046 -0.1278  0.0000 0.0584 00416 -0.1278
0.0207 00000 -0.0365 -0.1043 0.0584 0.1379 00062 -0.1243
-0.0046 -0.0365 00000 -0.0273 00416 0.0062  0.0936 -0.0393
—0.1278 -0.1043 -0.0273 00000 -0.1278 -0.1243 -0.0393  0.0000
Ajj ay=0.95
T; A,=-13.152900887

B, =—-0.0486839616 B,=3.8 B=062 B,=0.005
Long-range potential V7

7=3.715735 €,=0.002827918 A;=1.338162 \,=2.260479 For €. v,. and v, see text.
Imp { Middle-range potential V™"

PT=40 V=29 AM=—02345 AM=—067 A}=-494




NPT
Liquids

Equation of State of Liquid Carbon
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NPT

Non-Isotropic Systems

e.g. Solids

Structure and Transformation of

Carbon Nanotube Arrays
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uVT

Adsorption

Schwegler et al.

Adsorption in Carbon
Nanostructues
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Lecture 2

Statistical Thermodynamics

Partition functlon

QNVT

A3NN'

Free energy

pPF =— 1n(QNVT )

Ensemble average
1

<A>NVT - QNVT A3NN!

jdrNA(r

jdr exp[—,b’U( )]

*expl- pU (" )
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Ensemble average

]}[N! jdrNA(rN)eXp[— ,BU(rN)]

o el

1
Oyir N

<A>NVT

Lecture 2

= : drNA(rN)P(rN)

: drNA(rN )Cexp[— ,BU(r

B IdrNP(rN)

)

} jdrNC exp[— ,BU(rN)]

IdrNA(rN)eXp[— ,BU(rN)]

IdrN exp[— ,BU(rN)]

Generate configuration using MC: e
S R dr™ Ale™ )P (Y
{rlN,rzjv,r3N,rjv---,rA]j} A:H;A(@ ) :I J'drNPMC(rN)
\
Weighted Distribution B jdrNA(rN)CMC CXP[_ pU (YN)]

with

PY¢ (rN)z cYe exp[— ,BU(rN)]

- jdrNCMC exp[— ﬂU(rN)]
B jdrNA(rN)exp[— ,BU(rN)]
- _[drN exp[— ,BU(rN)]




Lecture 2

Monte Carlo: Detailed balance

el

acc(o —=n)

N(n)xa(n— o)

N(n)

acc(n — o)

N(o)xa(o— n)

N(o)




Lecture 2

NVT-ensemble

N(n) oc exp[—ﬁU(n)]

acc(o —»>n) N(n)
acc(n —0) N(0)

2021 _ o F 5[0 (n)-U (0)]]

acc(n — o)

Realize by, for example, Metropolis algorithm ¢



NPT ensemble

We control the
* Temperature (T)
* Pressure (P)
* Number of particles (N)
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Intermezzo

Scaled coordinates

Partition function

QNVT

A3NN' I dr’ exp[— LU ( )]

Scaled coordinates
s, =1,/ L

This gives for the partition function

73N N
O = AsNN,IdS exp[—ﬁU(S

Ids exp[ ,BU(

A3NN'
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The NPT ensemble

V, : total volume
M : total number of
particles

N in volume V

M-N in volume V-V

V, 1s fixed

V varies from 0 to V,

What 1s the statistical thermodynamics of this ensemble?



The NPT ensemble:

partition function

Qvyr = Ids exp[ ,BU(S L)]

A3NN'

Fixed V

(Vo B V)M_N M-N M-N
QMVO,NV,T - A3M-N) (M_N)!fds CXPI ST |3 ;L)

VN
AV N

xfdsN exp[—/J’U(sN;L)]

o
QMVO,NV,T - ASM=N) (M _ N)! AV N!

=

V- f ds”

exp[—ﬁU(sN;L)]
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V -V
QMVO,NV,T A3((M N) (M N)'AZ/NN'de exp[ ﬁU( )]

=

To get the Partition Function of this system, we have to
integrate over all possible volumes:

70 Y
QMVNT_deA3((M N)(]\)4 N)'AZ/NN'de exp[ ﬁU( )]

Now let us take the following limits:

v

As the particles are an 1deal gas 1n the big reservoir we have:

,OZ,BP 21

M — © M
= — — constant
Vo —> 0



(v, - V) T
(M- N>(M N) AN NI

Our =V 5 Jds" exp|-pU (s";L)]
We have

Vo=V )" =V =y 1) = 1Y exp (M =N)V [V, ]
(Vo=V)" =V exp[-pV ]=V," " exp[-pPV ]

This gives:

Quvpr = jdVeXp —BPV Vdes exp[ ,BU( )]

N'A3N
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NPT Ensemble

Partition function:

Q. pr = _[dVexp ,BPV]Vdes exp[ ,BU( )]

N'A3N

Probability to find a particular configuration:

Nypr (V28" ) oc V¥ exp

Sample a particular
* change of volu
* change of reduce

Acceptance rules ??

24



Detailed balance

el

acc(o > n)

acc(n — o)

N(n)xa(n —> 0)

N(o)xa(o —> n)

N(n)

N (o)




NPT-ensemble

N oo (V,SN) oc V' exp[—,&’PV]exp[—,BU(sN;L)]
acc(o - n) N(n)
acc(n —0)  N(0)

Suppose we change the position of a randomly selected particle

acc(o > n) _ VW: CXp :_IBU(SEI;L)
acc(n — o) VW exp :—,BU(SF;L)
exp :—,BU(SE;L)

= == exp{—ﬁ[U(n)—U(o)}}

exp :—,BU(SON;L)

— 26



NPT-ensemble
N, (V,SN) o VN eXp[_ﬂPV]exp[—,b’U(sN;L)J
acc(o > n) N(n)
acc(n > 0) N(0)

Suppose we change the volume of the system

acc(o >n) _Vn ©XP ~PPV, Jexp __'BU(SN;L")
acc(n —>o0) V" exp[-BPV, |exp —,BU(SN;LO)

(g] exp[~pP(V, -V, )]exp{~A[U (n)-U (0)]

27



e Rand

Algorithm: NPT

omly change the position of a particle

e Rand

omly change the volume

28



Algorithm 10 (Basic NPT-Ensemble Simulation)

+

PROGREAM mcnpt

do leyel=1,ncyel
ran=ranf () * (npart+1)+1
if (ran.le.npart) then
call momove
else
call movel
endlf
if (mod(icvel, nsamp) .eq.0)
call sample
enddo
end

basic NPT ensemble simulation

perform ncyel MC cycles

perform particle displacement

perform volume change

sample averages

29




Algorithm 2 (Attempt to Displace a Particle)

SUBROUTINE mcmove attempts to displace a particle

) +1 select a particle at random
call ener (x(o),eno) energy old configuration
xn=x (o) + (ranf () -0.5) *delx give particle random displacement

o=int (ranf () *npart

call ener (xn,enn) energy new configuration
if (ranf().lt.exp(-beta acceptance rule (3.2.1)
+ * (enn—eno) ) x(o)=xn accepted: replace x (o) by xn
return
end

Comments to this algorithm:

1. Subroutine ener calculates the energy of a particle at the given position.
2. Note that, if a configuration is rejected, the old configuration is retained.
3. The ranf () is a random number uniform in [0, 1].
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Algorithm 11 (Attempt to Change the Volume)

SUBROUTINE mcvol

call toterg(boX,|eno)
vo=bhox**3

attempts to change
the volume

total energy old conf.

determine old volume ,— ~

Invn=log(vo)+(ranf () -0.5) *vinax

perform random walk i In v[‘,.

vn=exp (lnvn)

boxn=vn*+*(1/3)

do 1=1,npart
¥(1l)=x(1)*boxn/box

enddo

call toterg (boxn

A3
-

new box length

rescale center of mass

total energy new conf.

a;g:-be&a!i(enn-enoi+p*(vn—vo)
+/- (npart+1l)¥log(vn/veo) /beta)

appropriate weight function!

ff~41anﬁ4+ﬁgt.exp(arg)) then
do 1=1,npart
¥(1)=x(1)*box/boxn
enddo
endlf
return

end

acceptance rule (5.2.3)
REJECTED
restore the old positions




NPT simulations

Equation of State of Lennard Jones System

60 ! I ) I ! I

40
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Grand-canonical ensemble

What are the equilibrium conditions?

36



Grand-canonical ensemble

ANV ANYON

aVavata

RVAVAVE

We impose:

HT‘D

— Temperature (T)

— Chemical potential ()
— Volume (V)

— But NOT pressure

37



The ensemble of the total system

\’Yo —\ff

What 1s the statistical thermodynamics of this ensemble?
38



The ensemble:

partition function [*V .

Oyir = A3NN'IdS exp[ ,BU(S L)J

(v,-v)" o W N
QMV NV.T — A3M-N) (M N) fds D o> ;L)] AN NI

fdsN exp[—/a’U(sNI)]
(v -V
QMVO,NV,T = ASM-N (M N)' A3NN'

)M—N

jds exp[ ,BU(S L)}

39



M-N

-")
QMVO,NV,T - A3M-N) (M—N) A3NN'de GXP[ ﬁU( )]

To get the Partition Function of this system, we have to
sum over all possible number of particles

(V- M-N
QMVO,N,T = E A3((M M) (]\)4 N) A3NN'de exp[ /D)U( )]

N=0

Now let us take the following limits:
M — © M
= — —> constant

Vy, = o0 } V

As the particles are an 1deal gas 1n the big reservoir we have:
U= kBTln(A3p)

0, - Niij exp(BuN)V"

AV AT deN exp[—ﬂU(sN;L)] 40
N=0 :



uVT Ensemble

Partition function:

Qur = ]]Zj =P E\fﬁ]]\\;ﬁ/ jdsN exp |:—,BU(SN;L):|

Probability to find a particular configuration:

Ny (1) 2

Detailed balance

Sample a particular d
* Change of the n
* Change of reduce¢

Acceptance rules ??

41



Detailed balance

el

acc(o > n)

acc(n — o)

N(n)xa(n —> 0)

N(o)xa(o —> n)

N(n)

N (o)




uVT-ensemble

N 7 (V,SN) oc P E\'f’l;]]\\;)l/ exp[—,b’U(sN;L)]

acc(o - n) N(n)
acc(n — o) N (0)

Suppose we change the position of a randomly selected particle

acc(o > n) _ GW eXp[_'BU(SE;L)]

AN

wccln o) etV 1oy

AV NI

= exp{—ﬂ[U(n) — U(O)}}
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uVT-ensemble

NyVT (V:SN) oC =P E\ﬁ;j’vl]]\\;')V exp[—ﬁU(sN;L)}

acc(o - n) N(n)
acc(n —>0)  N(0)

Suppose we change the number of particles of the system

exp(,B,u(N+1))VJMr .
acc(o > n) _ AN (N TH! GXp[—,BU(s Ly )]
acc(n — 0) exp (7;6?&;;)}/\7 eXp[—,BU(sN;LO )]

) N

A’ (N +1) ;



Algorithm 12 (Basic Grand-Canonical Ensemble Simulation)

PROGRAM mc_gc basic uVT ensemble
simulation
do icyel=1,ncyel perform ncycl MC cycles

ran:int(ranf()*hnpavﬂnexcz)+1

if (ran.le.npart) then

call momove displace a particle
else
call mcexc exchange a particle
endif with the reservoir
if (mod(icycl, nsamp) .eq.0)
. call sample sample averages
enddo
end

Comments to this algorithm:

1. This algorithm ensures that, after each MC step, detailed balance is obeyed.

Per cycle we perform on average|npav attempts® to displace] particles and

nexc attempts to exchangefparticles with the reservoir.

2. Subroutine memove attempts to displace a particle (Algorithm 2), subroutine
mcexc attempts to exchange a particle with a reservoir (Algorithm 13), and

subroutine sample samples quantities every nsamp cycle. 46




Algorithm 13 (Attempt to Exchange a Particle with a Reservoir)

SUBROUTINE mcexc

1f (ranf().1lt.0.5) then
1f (npart.eq.0) return
o=1nt (npart*ranf() )+1

call ener(x(oc),eno)
arg=npart*exp (beta*eno)
/lzz*vol)
1f (ranf().lt.arg) then
X(o)=x(npart)
npart=npart-1
endif

elae
¥xn=ranf () *hbox

call ener (xn,enn)

arg=zz*vol*exp(-beta*enn)

/(npart+1)
1f (ranf().lt.arg) then
X(npart+l)=xn
npart=npart+1
endif

endit
return
end

attempt to exchange a particle
with a reservoir

decide t¢ removefor add & particle
test whether there is a particle
select a particle to be removed
energy particle o

acceptance rule (5.6.9)

accepted: remove particle o

new particle at a random position
energy new particle
acceptance rule (5.6.8)

accepted: add new particle

IR SN NS

47



Application: equation of state of
Lennard-Jones

10.0

2.0

P Or .ll{‘!lf

00 ¢
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Summary

Ensemble |Constant Fluctuating | Function
(Imposed) (Measured)
NVT N,V, T P BF=-InQ(N,V,T)
NPT N,P, T \Y BG=-InQ(N,P,T)
uVT V. T N PQ=-InQ(u,V,T)=-pPV

with Monte Carlo

50




Molecular Dynamics
Ensembles

NVT
Constant Temperature

Velocity scaling
Andersen Thermostat
Hamiltonian & Lagrangian Appendix A
Nose-Hoover thermostat



Constant Temperature
Naive approach

Velocity scaling
—k T = Z my’
V. >V, L
T

Do we sample the canonical ensemble?



Partition function

Ovyr = Idp exp[ ,BZpl /Zm]jdr exp[ ,BU( )]

h3NN'

Maxwell-Boltzmann velocity distribution

(L] ol

\ 27Tm

(p*)=[dpP(p)p’

302
— (ij jdp472’p4 exp [—,sz/2m]

27mm

3m

P



P(p)=( ) et/

2mm

<p2>=jdpP(p)p2 :(ﬁjyzjdpsz“ eXP[—ﬂp2/2m} :%”

2

(p*)=[dpP(p)p* =15 %

2
7 ()7 _15(mipy-Gmp) 2

Y () (3m/ ) :
Fluctuations in the temperature

szBT B <(kBT)2>_<kBT>2 _ 2

(k) (k) W




Andersen thermostat

Every particle has a fixed probability to @
with the Andersen demon

After collision the particle is give a new Y

27am

3/2
P(v)= i) exp[—/o’mv2

The probabilities to collide are uncorrelated (Poisson distribution)

Distribution of time-intervals between collisions:

P(t;v) = vexp[—vt] y : collision frequency




Andersen thermostat:
static properties

T T T T T
Maxwell-Boltzmann
O v =0.001

s v =0.01




Andersen thermostat:
dynamic properties

10 —m————




Equations of Motion
Hamiltonian and Lagrangian

Cartesian coordinates (x,fc) (Newton) —
Generalized coordinates (q q )

Lagrangian L(q,q') =U, (q) — Up (q)

d aL(?,q) ] IL(g.9)

Conjugate momentum
CAL(¢.q) . or(q.9)
1= ="




Newton?

L4.4)=U, (4)-U (4 d 0L(¢.9) 9L(q.4)

dt 0dq dq
Valid 1n any coordinate system: Cartesian

L(x,)'c) = %m)'cz - Up (x)
Conjugate momentum

OL(x,%)

p. = = mx

0x
B aL(x,)'c) B s (x) _

0x 0x

P,



Lagrangian dynamics
We have:

21d order differential equation

(q,q)fc'ze---

Two 15 order diff;

Change dependence:
(q,c}) — (q,p



(d)=(0p) p- aL((j],q') . aL((;;,q)

H (q, p) =qgp - L(q,q') Hamiltonian

dH(q. p) = d(dp)-dL(.4)

Lo odl
=6}d(p)+Ma gzq)quraA(% 4

=—qu+6]d(p) - o
q=_

dH(q,p)=(%)dq+(%£ dp { | a;;H
p=—_

dq




Nosé thermostat

Lagrangian

Nose

=~ 2ms”~ 20 p
p'=p/s
=H(p',r)+ Pe L Ens



_So)

\

Ols
5(h(S))= gl'(S)
/[ p)
Recall 5LH(19',V) é?Q ilns

=—|d dr' S
M%z(s)g]gj(p'z\;){pp Ens-E (

§

E- fﬂfﬂpN»

_ 1 2 Nﬁ N N _N
MC %NT_EJ\C% f’@ i?v(}fl)[ H(g E’_Z()},)\st]\
=h Sjﬁ— A nvN @d#\fe _CE__ (s'll'é/L — s [L20
N > Gaussmn integr 1& }' \ ZQJJ /
)E—H(p'r)—p—zs
R dp?t dln' der P o 2% 4
\ ) e 23N+

Jdp Jdre 8

fdp fdrN -pHl»




Lagrangian

Equations of Motion
= Elmszf.z —U(rN)—%Qsz ~Slns

Nose

=2 B
Hamiltonian
N pz pz
HNose=E i 2+ - +U(VN)+§111S
~2ms- 20 B
Conjugate momenta
oL _ 2 oL
=—=msr _ 9k _ ¢
A T
Equations of motion:
N
d”; =8HNose =Li2 dpl =_aHNose =_aU(7' )
dS= Nose=ps d£=_aHNose=l E iz_g
dt aps O di ds S .S /3’



Nose - Hoover
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